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Abstract
This tutorial shows how the Geometrical-Optics expression for the field reflected from a surface can be derived directly from
the general first-order stationary-phase solution of the associated radiation integral. It is a purely mathematical exercise, but
hopefully will improve the understanding of how these two techniques are related to one another. The material presented here
is ideally suited for post-graduate courses on high-frequency electromagnetics techniques.
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phase; radiation integral: physical optics
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1. Introduction

radiation integrals, such as the familiar first-order stationary-phase
solution of the integral [3].

he high-frequency electromagnetic field reflected from a surface can be expressed in terms of Geometrical-Optics type
rays, similar to optical rays reflected from a surface. The Geometrical-Optics field expression is usually derived from conservation
of energy of a wave propagating away from a source [l]. The
scattered field can also be calculated by means of the radiation
integrals, for which the equivalent current on the reflector has to be
calculated in some way or another. This is typically done by
numerical techniques, such as the Method of Moments [2]. When
the reflector is large and smooth in terms of wavelength, one can
employ asymptotic techniques to obtain analytical solutions for the

Although it is common knowledge that the GeometricalOptics reflected field and the first-order stationary-phase solution
of the associated radiation integral must yield the same result, it is
instructive to see how these expressions can, in general, be
mathematically related to each other. This tutorial will show, stepby-step, how the stationary-phase expression can be manipulated
to yield the corresponding Geometrical-Optics field expression. It
will become evident that Geometrical Optics goes hand-in-hand
with another high-frequency approximation, the so-called Physical
Optics approach [ 11.
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2. Stationary Phase Solution in
Vector Notation

J

Consider the two-dimensional scattering problem of Figure 1,
in which an electric line source illuminates a perfectly conducting
surface, S , described by a vector, r. The observation point is
denoted by the vector r, , the source point by r, , and the distance
between the point on S , described by r and the observation point,
r ~
is ~ = l -rl.

=
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Figure 1. The geometry and vectors used for the two-dimensional analysis of reflection from the perfectly conducting surface, S, illuminated by a line source. J is the equivalent electric
current.
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The Geometrical-Optics reflected field is given by [ 11
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and rc is the radius of curvature, p is the caustic distance, 8' is
the angle of incidence at the reflection point, and the other relevant
parameters are as indicated in Figure 1.
The scattered electric field can also be calculated by means
of the radiation integrals. The electromagnetic field illuminating
the reflector induces a surface current, J, on the equivalent reflector surface. The scattered electric field for the incident field specified by Equation (1) can then be calculated from
(4)
where J = J,i , R = l2 is the distance from the integration point on
the equivalent reflector surface to the field-evaluation point, H f )
is a Hankel function of the second type, and ds is the incremental
integration arc length.
For large distances away from S, the large-argument form of
the Hankel function can be used [4], and Equation (4) becomes

(5)

= J,P

.

Equation ( 5 ) can then be written as
(7)

In Equation (7), the primed vectors indicate that they are a function
of the integration coordinates x and y . It should be noted that it is
imperative that the Physical-Optics approach be used in order to
obtain equivalence with the Geometrical-Optics field expression.

The vector r is expressed in the Cartesian coordinate system
as r = x f + y f + z ? , and the integral in Equation (7) has to be
evaluated as such. If we let S be represented in parametric format
as r = r ( t ) = x ( t )f + y ( t )f + z ( t )? , the integration in Equation (7) can be performed with respect to a single parameter, t, and
Equation (7) can be written in the form [5]

If the radius of curvature of S is large in terms of the wavelength,
the electric surface current induced on S is, according to the Physical-Optics approach [ 11,
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where ds'/dt = f i = li.1, and i is the derivative of r with respect
to t. In Equation (8), we have
(9)

The first derivative of Equation (20) with respect to t at the stationary point is

and

The primed vectors, ii', ?', and the quantities li, I ; , and ds' in
the preceding equations are all functions of the parameter t, and
can be expressed as

fi' =

and the second derivative can, after some manipulation, be shown

to be

r'x (r'x r')
(if
x (r' x it)['

+

and

-r*(r2 - r ) +

-

-r*(r2 - r)

Jm
(r2 - r)+2

-

r)

This can be rewritten in terms of the vector quantities of Equations (1 l ) to (16) as

The integral in Equation (8) has a stationary point, t, , defined by

which corresponds to the reflection point on S. To denote evaluation at the stationary point, all the primed quantities in Equations (9) to (16) are changed to unprimed quantities. The stationary-phase solution of the right-hand integral in Equation (8) is [3]

The vector r is a vector tangential to S, as indicated in Figure 2,
and therefore

where Y ( t , ) is the second derivative of Y with respect to t,
evaluated at the stationary point, and it was assumed that
Y ( t s )> 0 . Equation (5) can thus be expressed as

which we want to prove to be identical to Equation (2). In order to
do so, let

Figure 2. The definition of the parametric vectors describing
the contour S.
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From differential geometry [6], we have

so that

where r, is the radius of curvature of S at the stationary point.
With Equation (30) now substituted into Equation (29) and the
result into Equation (19), further simplification yields

When Equation (25) and an identical expression for the corresponding l2 term are substituted into Equation (23), the result is

which

the proof.

3. Conclusion
Although the above mathematical exposition does not present
any new information, it is hoped that valuable insight will be
gained into the relationship between the high-frequency Geometrical-Optics fields and their associated radiation integrals.

which can be written as

In Equation(27), the vectors il and i2 are unit vectors in the
direction of lI and 12, respectively. With Equation (27) and

ii*il= cos 8' , it follows that
.7r
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n the October 2002 issue of IEEE
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typographical errors slipped through
when converting the original WordPerfect document to a Microsoft Word document [1], which was the only format
acceptable for publication at that time.
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Equation (2) should read as
E r =- e

-jkl 1

l1

t
e -jkl 2 zt (2)
t + l2

and (31) should read as
E s =- zt e

-jkl 1

l1
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